The Mohr circle, most commonly met in the analysis of mechanical stress, is used to depict magnetotelluric impedance information, taking the real and quadrature parts of magnetotelluric tensors separately. The magnetotelluric concepts of two-dimensionality, three-dimensionality, skew and anisotropy are then all given quantitative expression on a diagram, as are various magnetotelluric invariants. In particular, a new invariant, the "central impedance," becomes evident in a discussion of effective impedances. Some insight is gained into impedance rotations, and an anisotropy angle is defined, analogous to skew angle.
INTRODUCTION
Mohr circles are known in geophysics as a way to relate shear stress and normal stress in a body that is subjected to mechanical pressure. As Jaeger (1969) notes, ". . . Mohr's diagram provides the most elegant representation of the variation of normal and shear stress with direction . . .".
Mohr circles thus depict stress tensors and are most common in the basic case of stress in two dimensions; however, they are also used for stress in three dimensions, and to depict strain (Jaeger and Cook, 1976) .
Originally used in the graphical solution of a variety of stress and strain problems, Mohr circles achieve the objective of plotting, uniquely on a simple diagram, the four different values that comprise a 2 x 2 tensor. This achievement results from taking two degrees of freedom to plot a Cartesian point for the center of the circle, and then two more degrees of freedom to give the radius of the circle and the bearing of its commencement point. Thus, four degrees of freedom are taken in the combination of a polar plot with a Cartesian plot.
In addition to stress and strain, Mohr circles are of general application (Nye, 1957) in representing tensor information by diagrams, and were introduced for magnetotelluric data in an earlier paper (Lilley, 1976) . In magnetotellurics, as in much of geophysics, it is of central importance to know whether interpretation may proceed in terms of simplified structures; that is, to know whether a one-dimensional, two-dimensional, or three-dimensional (l-D, 2-D, or 3-D) geologic model is appropriate. The last decade has seen a development of interest in methods for analysing a magnetotelluric impedance tensor for this sort of information. General analysis has been advanced in a series of papers by Eggers (1982) , Spitz (1985) , LaTorraca et al. (1986) , and Yee and Paulson (1987) . Another line of inquiry has been the development of particular models, involving a combination of local and regional effects. Amongst recent contributions to this topic are those of Park (1985) , Counil et al. (1986) , Zhang et al. (1987) , Ingham (1988) Park and Livelybrooks (1989) , Bahr (1988 Bahr ( , 1991 and Groom and Bailey (1989, 1991) .
As shown in Lilley (1976) , Mohr circles can be used not only to represent magnetotelluric tensors for 2-D conductivity structures with the symmetry traditionally associated with Mohr circles, but also to represent magnetotelluric tensors for 3-D conductivity structures (still observed in two dimensions of measurement on the surface of the earth). These latter tensors lose the traditional symmetry, and their circles -exhibit an angular offset that may be regarded as a skew angle. Thus 1-D data plot as a single point, 2-D data as a circle centered on the horizontal axis, and 3-D data as a circle centered off the horizontal axis.
In the present paper, the application of the Mohr circle method to the display of magnetotelluric data is further explored. The concept of rotation of an observed tensor, corresponding to calculating the values that would be observed were the measuring axes to be physically rotated, is central to the method.
Also, real and quadrature parts of a tensor are dealt with separately. This procedure is a departure from much common practice, but may offer a useful alternative. The ulti-mate objective of such magnetotelluric tensor rotation is to enable judgments to be made concerning questions such as the following: How well does the observed situation approximate the ideal of two-dimensionality? What, then, is the best direction to take as 2-D strike? What are the best values to take for the along-strike and across-strike impedances? The present paper advances the view that displaying magnetotelluric data in Mohr circles as real and quadrature parts separately may help in these judgments.
The method is explored by seeking directions for the Eggers (1982) and LaTorraca et al. (1986) analyses, when the real and quadrature parts of a tensor are examined separately. Another traditionally important concept in magnetotelluric studies has been that of invariance under the rotation of axes, and a number of traditional magnetotelluric invariants are discussed, again taking the real and quadrature parts of a tensor separately. While focusing on the invariants of Berdichevsky and Dmitriev (1976) the existence of a third invariant becomes evident, which is basic in terms of Mohr circle representation. This new invariant is termed the "central impedance. "
The angle characterising the three-dimensionality of a Mohr circle diagram corresponds to a skew angle. Similarly, another angle is evident that characterizes anisotropy, and is advanced as the "anisotropy angle."
Finally, the method is applied to examples of the Groom and Bailey (1989) situation, where local twist and shear operate on a tensor that is regionally 2-D. Certain consequences of twist and shear are depicted and recognized.
Modern computational procedures have changed the status of Mohr circles. While their earlier use in the graphical solution of computational problems is lessened, they may now be produced immediately by modern graphics, with color to show variation with frequency (in the case of magnetotellurics). Their convenience and usefulness as a diagnostic tool is thus enhanced.
THE MOHR CIRCLES
Circle for data from a 2-D structure
The notation of Groom and Bailey (1989) is adopted in this paper for a magnetotelluric tensor which is 2-D in form. When rotated so that the axes are parallel and perpendicular to strike, the tensor is denoted A similar circle will also exist for the quadrature parts of a and b , with center 0) and radius The real and quadrature circles will be distinct from each other; however, for a true 2-D case they must show the same angle 28 for rotation to 2-D alignment.
Circles for data from a 3-D structure
For a general case of a tensor indicating 3-D electrical conductivity structure, the circle is offset from the Z'xyaxis, as shown in Figure lb . The offset can be expressed by an angle as shown. The value of tan is of a form similar to the "skew" of Swift (1967) , and the offset angle shows the skew of the real part of the tensor graphically.
CONNECTION WITH THE EGGERS ANALYSIS
1982) considered rotation of the impedance tensor and (using an eigenstate formulation) sought two tion states, not necessarily orthogonal to each other, for which the electric and magnetic fields have the same polarization at perpendicular orientations (see also the treatment of this problem by Yee and Paulson, 1987) . When real and quadrature parts of an impedance tensor are considered separately, the ellipses sought by Eggers reduce to linear polarizations, and their azimuths can be seen by inspection of the appropriate Mohr circles.
The tensor quoted by Eggers (1982) is thus shown in Figure 2 , with real and quadrature circles. What may now be sought, for each circle, are two directions for which the electric and magnetic fields are at perpendicular orientations.
Taking the real circle first, these directions are clearly those corresponding to the values of for which the circle cuts the for it is at these points that is zero, and so an applied magnetic field will produce an electric field E'y orthogonal to it. The actual values of are given in the figure. Two other values of also given in the figure, are similarly found for the quadrature circle.
CONNECTION WITH THE LATORRACA ET AL. ANALYSIS LaTorraca et al. (1986) considered rotation of a complex impedance tensor in a different way, that is to obtain two mutually orthogonal magnetic field directions for which the associated electric fields are orthogonal to each other (but not necessarily orthogonal to the magnetic fields).
Considering real and quadrature parts separately, and the real part first, the LaTorraca directions are shown most directly on a plot of against , as in Figure 3 . Then, two points of fixed ratio [the LaTorraca et al. (1986) condition for the direction of fields due to an applied are given by the intersections with the circle of anisotropy. As the = 0 radial arms of the 'circles are not-parallel, the real and quadrature principal axes will not be in alignment. The intercepts of the circles with the Z'xy,-and Z'xy,q-axes, at and as marked, indicate the appropriate rotations (values of for the Eggers polarization states, taking real and quadrature parts separately.
a line from the origin to the circle's center, continued to cut the circle a second time. Such constructions are shown in Figure 3 for both the real and quadrature parts of the Eggers tensor example, and the values of the rotation angle thus found are given. These values of can be compared with the values determined in Figure 2 for the Eggers directions; the discrepancies are a consequence of the 3-D nature of the data. Clearly, for a 2-D tensor, the Eggers and et al. directions agree and become the directions of the 2-D principal axes. Berdichevsky and Dmitriev (1976) identified two impedances that are invariant under rotation of the measuring axes. These impedances, which are complex, are termed "effective impedances" and are
INVARIANTS UNDER ROTATION OF THE MEASURING AXES
which is commonly called the determinantal impedance, and = which is sometimes known as the "average" or "trace" impedance. Applying these expressions to the real and quadrature parts of a tensor separately (as distinct from taking the real and quadrature parts of and produces quantities that are also invariant, and which may be identified on the Mohr circle depiction of an impedance tensor, as will now be shown.
The real part of the Eggers tensor is shown again as an example in Figure 4 , where now axes are included for all of Z'xy,, and Z'yy,, following the symmetry relations indicated in Lilley (1976) . Thus, for any point on the circle (corresponding to some particular axis rotation), values for all the tensor elements can be scaled off. In this case is always positive, always negative, and and Z'yy, range both positive and negative. The circle has radius and distances , and are as t h e With reference to Figure Thus, the distance on Figure 4 , an invariant for the circle, can be seen to represent the "first effective" or tal impedance, when only real parts of the tensor elements are considered. Similarly the distance on Figure 4 represents the "second effective" impedance, taking real parts of the tensor elements only. (In this case, because of the simplicity of the expression, is also the real part of the full complex second effective' impedance.) As can be seen on the figure, is greater or less than depending on whether the radius of the circle is greater or less than d 4 (which is in some respects a balance of anisotropy against skew). A diagram similar to Figure 4 may also be drawn for the quadrature elements of a tensor, with its own invariant distances that correspond to and d 2 on Figure 4 .
A new invariant, the central impedance Inspection of Figure 4 suggests that the distance from the origin to the center of the circle, line OQ, is another significant invariant. In terms of the Mohr circle representation, the center of the circle is the most central invariant point of the tensor figure. Thus the length d 3 of the line OQ, given by + + is a basic invariant impedance, and is termed here the "central impedance." There is also a central impedance value for the quadrature part of the tensor, with subscripts q replacing subscripts r in the expression just given.
An anisotropy angle
Further, in Figure 4 the circle radius RQ is a natural measure of the tensor anisotropy, perhaps best normalized by the distance d 2 . Thus an anisotropy index p r for the tensor is evident as 
FREQUENCY DEPENDENCE
An important aspect of observed magnetotelluric data is their frequency dependence. The Mohr circle method described so far is for data at a particular frequency, (or averaged over some frequency band). Data over a full range of frequencies may be displayed by color graphics using a color spectrum to cover the frequency range. This method is displayed here in principle, in Figure 5 . Figure 5 shows as an example, magnetotelluric data over a range of four frequencies. The data are from a seafloor site (TP3) in the Tasman Sea recorded by the instruments of Filloux (1987) and reduced by Ferguson (1988) . The experiment is described in Lilley et al. (1989) . Just four frequencies are shown for clarity; the values of the observed tensor elements have been multiplied by a factor of each case (where T is the period in hours) to normalize them against FIG. 4. The real part of the Eggers tensor presented as a circle, with axes for all four tensor elements included. The figure shows the construction to give d 2 , the magnitude of the determinantal impedance (considering only real parts). The second effective (or "trace") impedance is of magnitude d l . The "central impedance," now proposed as a basic invariant is d 3 , the line joining the origin to the center of the circle. Angle is the skew angle, and angle the "anisotropy angle." the characteristic that, above a uniform half-space, such tensor elements are proportional to T The circles show clearly that the observed data are 2-D in character and highly anisotropic. (These points are important for marine data, as discussed by Ferguson et al. 1985 , 1990 , and Heinson, 1991 Phase information is also evident in the relative sizes of the real and quadrature circles changing with frequency.
APPLICATION TO GROOM-BAILEY DECOMPOSITION Groom and Bailey (1989) consider the case where a tensor that is regionally 2-D as in equation (1) where 1) the measurement axes are rotated angle from the regional 2-D axes 2) parameter e is the shear parameter which affects the regional 2-D tensor as multiplication by a factor of (1 + and 3) element t is the twist parameter which summarizes the twist effect on the regional tensor by multiplying it by
(1 + . 1 Given observed values of , and Zyy , in the Groom-Bailey scheme the real and quadrature equations (2) are solved for , e , and a; i.e., eight equations for seven unknowns (as and are complex).
In this paper now note that equations (2) Here it is generally understood that analysis proceeds separately for the real and quadrature parts, with appropriate subscripts understood: thus, for example, = and tan = (note is not the real part of where and are complex). Some algebra then shows that tan (A + C) = so that, when defining skew angles for the real and quadrature parts of a tensor separately, these will be given by (A + C,) and (A + It also follows from the above equations that tan (A + B + 28) =
Depicting the decomposition graphically
The relationships of equations (2) and (3) can be directly expressed by the diagrams in Figure 1 . A suite of such diagrams is presented in Figure 6 , for both general and particular cases. It is instructive if shear and twist are introduced separately, and then combined, and in Figure 6 this procedure is adopted in columns (a), (b), and (c), respectively.
There are five rows in Figure 6 : row (1) for general cases, and rows (2-5) for particular cases considered by Groom and Bailey (1989) which may have distinctive characteristics.
Some of the main features of Figure 6 are now discussed.
1) Shear but no twist (e 0, 0); Figure 6 , column (a).-The general case for shear only is shown in Figure 6a row (1). Note that, relative to the undistorted 2-D tensor in Figure la , the center of the circle has been offset vertically, by an amount defined by the angle C shown. The radius of the circle is enlarged from its undistorted value of by factor f, where
For 1-D structure, the circle is as shown in Figure 6a row (2): of radius (l/2) and with the center on the Z'xy-axis. Angle C is zero, and the diagram has the characteristics of a 2-D case.
For weak distortion, Figure 6a row (4), the values of and can be read directly off the graph, with little approximation; and for strong distortion, characterized in Figure 6a row (5) with 1, values of a and S are again given graphically.
For the contrasting special case of high anisotropy, the circle takes the form shown in Figure 6a row (3). This circle is distinctive in going through the origin, (a result of the high anisotropy approximation which in effect sets to zero; in practice, such a circle would be close to the origin, but not through it).
2) Twist but no shear 0, e = 0); Figure 6 , column (b).-The general case for twist only is shown in Figure 6b row (1). Again, relative to the undistorted tensor of Figure la the center of the circle has been offset vertically, by twist angle A. The radius of the circle has been enlarged by factor sec A.
For a twist with a 1-D case, Figure 6b row (2), there is the unusual result of an offset single point, so that rotation of axes produces no effect. As is general for column 6b, the offset is by the twist angle A.
High anisotropy, Figure 6b row (3), brings the circle through the origin; and weak distortion, Figure 6b row (4), produces a circle of simple description, from which values of S, and can be read.
3) Both shear and twist; Figure 6 , column (c).-The most general case is presented in Figure 6c row (1). The radius of the circle is enlarged from by a factor f where
The center shifts to coordinates + and so is offset from the horizontal axis by angle (A + C).
The 1-D case in Figure 6c row (2) is of regular 3-D form. The high-anisotropy case, Figure 6c row (3), again goes through the origin, as does the strong or 2-D distortion case, Figure 6c row (5).
Comments on the principal impedances
With Groom and Bailey (1989) , it is of interest to pursue a traditional 2-D search for recovery of the principal impedances, carried out by minimizing + as a function of coordinate rotation angle Expanded, this procedure is the minimization of
Considering only the first and third terms, and with reference to Figure 6c row (l), is a minimum where the circle crosses the However, for a given position on the circle of , Z'yy , has a magnitude given by the value of that is diametrically opposite (see Figure 4) . Hence the minimum value of + will be given by the points of maximum and minimum , values. These particular values, from inspection of the figure, are
and The values of rotation angle at which the maximum and minimum values of occur can be found by seeking maximum and minimum values of the function of Lilley (1976) , which in the notation of the present paper means seeking maximum and minimum values of a function
Similar results hold for the minimization of + = sin 26'.
Some algebra produces the result, using equations (3b) and (3d), that = A B cos (A + B + 28 28') so that the maximum and minimum values of can be seen to occur when . . . .
i.e., when
Thus when real and quadrature parts are considered separately, a general version of Groom and Bailey's (1989) , will differ from the principal strike directions by (1/2)(A + B). Note that generally (l/2) (A + B) is not half the skew angle, which is (112) (A + C). In the high-anisotropy case considered by Groom and Bailey, for then B = C.
Also, of course, the maximum and minimum values found for , , as given above, are not the regional 2-D values of + and [( there appears to be no direct graphical method for identifying these latter (though they can be read off the graph in some particular cases such as those of weak distortion, given in Figure 6 ).
Discussion
The diagrams in Figure 6 make some particular points as follows.
1) A locally-sheared but regional 1-D case, as in Figure 6a row (2), is indistinguishable from a simple regional 2-D case, as in Figure la . 2) A locally-twisted but regional 1-D case, Figure 6b row (2), produces a distinctive simple point plot. 3) High regional 2-D anisotropy and strong local 2-D distortion both cause the circle to go near the origin, so there is one orientation of axes that gives low values for both Z'xx and Z'xy. 4) In view of the discussion concerning the invariants in Figure 4 , Figure 6 shows that both high anisotropy and strong or 2-D distortion will have the effect of reducing the determinantal impedance (taking real parts of the tensor elements only) to near zero, while the second effective (or "trace") impedance is changed much less from its ideal value of (1/2)a. This point, for real and quadrature parts taken separately, may be relevant to the discussion in Groom and Bailey (1989) (and elsewhere) on the relative effects of distortion on the determinantal and trace impedances.
Generally, diagrams for the Groom-Bailey case of shear and twist have the form of the 3-D case of Figure lb , with the implication that a typical 3-D tensor may be subjected to Groom-Bailey analysis. The criterion for such analysis to be valid is that both the real and quadrature parts of a tensor should yield the same set of e, t, and values.
CONCLUSIONS
In their recent review, Wannamaker and Hohmann (1991) refer to a current revolution in electromagnetic induction studies. The magnetotelluric method has been central in this development, with data of increased precision observed over wide ranges of frequency. With modern computer software available for data reduction, there is still a need (indeed perhaps an increased need) for a display of diagnostic characteristics that help the judgements of an interpreter.
The Mohr circle method may be used to display magnetotelluric data succinctly, in the same way that it has proved useful for other tensor information. A visual impression is given of two-dimensionality, three-dimensionality, anisotropy, and skew, and insight is gained into the various magnetotelluric invariants and particular rotation angles.
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